INTRODUCTION
The optically controlled optical channel is considered as one of the main tools in enhancing density of communication lines with reduced energy-per-bit consumption. All-optical signal processing is capable of achieving a signal modulation and transmission speeds beyond what is possible by their electronic counterparts. To optically modulate (or switch) signals in plasmonic waveguides (with one or several metaldielectric interfaces) means that light induces changes in the real or imaginary parts of the dielectric functions of the constituent materials. These changes can occur either in a metal or in a dielectric layer, or in both. While dielectric nonlinearities are well-known, metal nonlinearities are not deeply explored. Most of the studies in nonlinear plasmonics are connected with the local field enhancement facilitated by metal nanoparticles [1] .
So far the light-induced absorption modulation has been studied with the intrinsic metal nonlinearity [1] . The intrinsic nonlinearity of gold is related to the interband excitation of non-equilibrium electrons and results in small changes of the real part of the permittivity but in significant changes of the imaginary part. The associated relaxation time is on the picosecond scale, making THz-frequency modulation of signals in plasmonic gold waveguides possible. The relaxation time of the interband transitions in aluminum is much smaller and can provide even faster modulation speeds [2] . Thus, the optical nonlinearity in metals holds a potential that needs to be explored more. Results can be exploited for rapid optical switching and modulation by using strong excitation via an ultrafast laser pulse. This approach has opened a whole new field of active plasmonic systems [2] .
Recent experiments confirm the presence of nonlinear propagation effects in plasmonic waveguides, much like the ones that for decades have been fueling nonlinear fiber optics [3] . We have conducted recently an experiment [4] with strip plasmonic gold waveguides and observed that the loss performance was nonlinear as the power was increased. We attribute this effect to the imaginary part of the nonlinearity of gold. We also saw indications of self-phase modulation in picosecond pulses spectra governed by the real part of the thirdorder susceptibility. Both effects were significantly affected by the nanometer-scale thickness of the gold layers as one can conclude from the restored effective nonlinearity parameters. To our knowledge such a study has not yet been done in plasmonic waveguides. An early study [5] used the cw-like pumping and obtained significant thermal contributions to the nonlinear phase. Also, the real and imaginary components of the third-order susceptibility of thin gold layers were characterized using the z-scan method [6, 7] . In another recent experiment Baron et al. [8] measured the imaginary component of the third-order susceptibility for bulk gold by studying nonlinear propagation of surface-plasmon polaritons at a single air/metal interface.
The present paper provides the theoretical background to our recent experiment, as to understand and ultimately exploit intrinsic metal nonlinearities in thin metal films. The posed problem is tricky, because the nonlinear metal properties are not yet well understood. The current vision of possible nonlinear behavior in noble metals is that they occur due to the Fermi smearing process. When a thin metal film is exposed to an ultrafast laser pulse, it absorbs the optical pulse which leads to rapid heating. The rise in the temperature of the material results in interband transitions and broadens the electronic distribution around the Fermi energy. This eventually causes significant change in the dielectric permittivity of metal [9] . Another possible mechanism is that a strong electric field in ultra-short laser pulses affects the distribution of free electrons. Such direct influence is preferable in terms of exploitation due to the fast electronic response and symmetric time scale of both phases of the nonlinear process: development and relaxation.
In our recent experiment we characterized strip plasmonic waveguides, and this geometry forms the basis of the theory in the present paper. The waveguide layout contains the gold core with the finite microscale width and nanoscale thickness, tantalum pentoxide adhesion layer and silicon dioxide cladding. This particular waveguide configuration was chosen because it provides effective propagation of a long-range surface plasmon polariton (LRSPP) [10] . The optical properties of the LRSPP mode are utilized in many applications, such as nanofocusing of electromagnetic radiation [11] or photodetectors [12] . The nonlinear effects associated with propagation of a LRSPP in plasmonic waveguides are less investigated. One theoretical approach is related to application of the hydrodynamic model for the freeelectron gas [13] . In other works, the nonlinear propagation of LRSPP modes is studied in terms of either the cascaded second-order nonlinearity at a metal-dielectric interface [14] or the third-order nonlinearity of gold and silicon dioxide in plasmonic nanorod structures [15] . In the latter case, the third-order nonlinearity for gold was obtained from the two-temperature model of electrons dynamics [16] and the ideal lossless metal was assumed [15] . In the present paper we take into account that all constituent materials (metal, adhesion layer, and cladding) exhibit a nonlinear response. So, in line with the classical nonlinear fiber optics formalism we introduce an effective nonlinearity of the LRSPP waveguide mode. Additionally we also consider losses originated both from the linear and nonlinear parts of the metal dielectric function. The effective nonlinearity of the LRSPP mode leads to two interesting nonlinear effects. The first effect is a nonlinear saturation of the average power of the LRSPP mode. The second effect is nonlinear phase modulation with the spectral broadening of the LRSPP pulse. Since our experiment was conducted with a powerful picosecond laser at 1064 nm, we apply our model for this specified wavelength. We also discuss other important ultrafast laser wavelengths 800 nm and 1550 nm, in particular, regarding different gold behavior.
The article has the following structure. Section 2 describes optical properties of the constituent materials: gold, tantalum pentoxide and silicon dioxide. Section 3 presents the effective index theory for calculation of the LRSPP propagation constant in the strip plasmonic waveguide. Section 4 explains a role of the chromatic dispersion in propagation of the LRSPP mode. Section 5 is devoted to nonlinear parameters of the plasmonic waveguide. Section 6 shows a solution to the pulse propagation equation for the LRSPP mode and explains the obtained nonlinear effects.
OPTICAL PROPERTIES OF MATERIALS
We will start the modeling of plasmonic waveguides by considering optical properties of the constituent materials. Dielectric permittivity γ depends on the radius r [20, 21] . In the same way of arguing as in [20] , where 1/r dependence reflects the ratio of surface area to volume, we can proceed by assuming that for a thin gold stripe with thickness t we can take:
[ ] (5) accounts for this increment of the electrons collisions frequency, while the plasma frequency stays the same [19] . The local Drude model may not be applicable for layers with the thicknesses below 10 nm [13, 22] . Also there is an intensive clustering process for thin layers [20] , and their fabrication especially with thicknesses below 10 nm is still challenging [23] . Therefore our model will focus on plasmonic waveguides with the thickness values above the clustering threshold. Constraining parameter t by 10 nm it is straightforward to show that Eq. (4) can be simplified:
where
ε ∞ is the imaginary part of the permittivity for bulk gold.
The real and imaginary parts of the dielectric permittivity of a gold layer were calculated at 1064 nm, and for thicknesses t in the range 
STRIP PLASMONIC WAVEGUIDES
The designed geometry of strip plasmonic waveguides ( First, the propagation constant β ∞ of the LRSPP mode is derived, assuming an infinitely wide ( w = ∞) slab waveguide. By using Maxwell's equations and boundary conditions it is straightforward to show that the dispersion equation for propagation constant β ∞ in the symmetric five-layer system is given by:
Here 2 nm, and for thicknesses t = 22, 27, and 35 nm (Fig. 3) . These specific values of the thickness were selected mainly to follow the recent experimental study [4] . They are above the clustering threshold and small enough to provide low-loss propagation of the LRSPP mode. The imaginary part of the propagation constant defines the linear absorption coefficient 2 Im
of the plasmonic mode [22] . As expected, the thinner gold layers have lower attenuation, and the LRSPP mode has a larger propagation distance, respectively. The Ta2O5 thickness 1 t = 26 nm and the strip width w = 10 μm were used in the calculations. Further we focus on the dominating electric field component z E .
The normalized electric field intensity distribution 2 z ( , ) E y z was calculated for the LRSPP mode in the transverse sections of the waveguide (Fig. 4) . In the xy-plane, the distribution function experiences a step-like behavior at the interfaces, both Au\Ta2O5, and Ta2O5\SiO2 [ Fig. 4(a) , Fig. 4(c) ]. Thickness t does not affect the intensity distribution in the z-plane [ Fig. 4(b) ]. The two-dimensional function z ( , ) E y z with a good accuracy can be expressed in terms of a product of the one-dimensional distribution functions:
In fact, the value of β ∞ for the infinitely wide slab waveguide differs by less than one percent from the value of β for a finite-width strip waveguide, thus justifying the variables y and z separation in the expression for the two-dimensional distribution function. This property of the distribution function will be used in the further calculation of the field integrals for the constituent materials: gold, tantalum pentoxide and silica. 
CHROMATIC DISPERSION
The first and second derivatives of the real part of the propagation constant define the lowest-order chromatic dispersion in plasmonic This means that the chromatic dispersion has a small effect on the propagation of picosecond optical pulses in the plasmonic waveguide. The situation is different in the case of femtosecond optical pulses, when the dispersion length is comparable with the waveguide length. The chromatic dispersion can significantly affect the propagation of femtosecond optical pulses in a plasmonic waveguide, and many interesting phenomena can arise. In this paper we will focus on picosecond optical pulses, when the chromatic dispersion effect has a minor role. The case of femtosecond optical pulses will be discussed elsewhere. 
NONLINEAR PARAMETERS
For the quantitative analysis of effective nonlinear properties of the LRSPP mode in the waveguide we employed the field integrals in each material section given by the following expressions: The initial two-dimensional integrals over the plasmonic mode area in the yz-plane were reduced to one-dimensional integrals over the zcoordinate by applying the variables separation justified above:
In fact, the one-dimensional integrals over the y-coordinate have the same values in the numerator and denominator and are canceled due to the waveguide symmetry. The real and imaginary parts of effective third-order susceptibility (3) χ of the LRSPP mode are expressed as follows: 
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1 χ is the third-order susceptibility for the SiO2 claddings [26] ,
2 χ is the third-order susceptibility for the Ta2O5 layers [27] and (3) χ is the third-order susceptibility for the Au layer. The third-order susceptibility for bulk gold is given by the following expression [15] : 
In the derivation of Eq. (15) we assumed all parameters in the twotemperature model, except
, were being thickness independent. For very small thicknesses, the model must be revised by using the nonlocal and quantum approaches [6, 13] . The calculated real and imaginary parts of χ for layer thickness t in the range 10-60 nm (Fig. 6 ) indicate the increment of the third-order susceptibility in ~3 times as the layer thickness decreases from 60 nm to 10 nm. The horizontal asymptotes in Fig. 6 correspond to the value of third-order susceptibility (3) χ ∞ for bulk gold at 1064 nm [15] . The real part is (3) Re χ ∞     =4.6 × 10 -17 m 2 /V 2 , and the imaginary part is (3)- (5)) may be inapplicable for the layer thicknesses below 10-15 nm due to the possible quantum effects [6] , nonlocal effects [13] , and layer clustering [20] . Conversely, the coupled LRSPP mode collapses at the layer thicknesses above 50-60 nm due to the small penetration depth of the surface electromagnetic waves in metal [22] . Therefore, the effective range of t is ~15-50 nm for experimental studies. The literature values of (3) χ ∞ at 1550 nm are mostly the same as at 1064 nm [15] , but the linear absorption in the waveguide is somewhat lower [ Fig. 3(b) ]. The wavelength 1550 nm can be a good option for an experimental study of nonlinear effects in the gold strip plasmonic waveguides. Moreover, for this wavelength anomalous waveguide GVD can be found, making it possible to excite solitons. For the wavelength 800 nm, although the value of (3) Re[ ] χ ∞ is ~40% larger than at 1064 nm, the value of The calculated values of the field integrals Au θ , wavelength has a photon energy that is well below half of the optical bandgap of silica and tantalum pentoxide, nullifying their respective imaginary nonlinear susceptibility. Thus, the dominant role of the nonlinearity of the gold layer in the effective nonlinearity of the plasmonic mode is confirmed. This is in accordance with the recent theoretical results published by Baron et al. for other plasmonic systems [29] . n , 
PULSE PROPAGATION EQUATION
Once the mode properties of the strip plasmonic waveguide are known, the propagation dynamics of these modes is well described by the nonlinear Schrödinger equation [3] :
where ( , ) A x T is the complex amplitude of an optical pulse, x is the propagation coordinate, T is the time coordinate in the co-moving frame of the input pulse. The first and third term correspond to the self-phase modulation (SPM) and nonlinear absorption, respectively. The chromatic dispersion has been neglected, which is a good approximation as dispersion length D L for picosecond optical pulses in a plasmonic waveguide is much larger than its physical length l .
T h e f o r m a l s o l u t i o n t o E q . Although this has been studied extensively in the literature, we are here dealing with the particular case where dispersion is negligible and where linear and nonlinear absorption is significant, which makes it worth to revise the results. Substituting this solution in Eq. (20) gives the following system of differential equations:
, .
P x T P x T P x T x x T P x T x
α β φ γ
The system is straightforward to solve for the Gaussian pulse initial conditions: ( ) 
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P e e P x T P e e The obtained spectral features are in accordance with the theoretical results for nonlinear properties of silicon waveguides [30, 31] . The principal difference here is that a plasmonic waveguide has much higher linear absorption and shorter physical length than an ordinary silicon waveguide. However, the comparable nonlinear spectral broadening can be achieved. In the case of optical fibers, the required waveguide length can reach hundreds of meters or more to receive the desired nonlinear features. In this sense a plasmonic or silicon waveguide provides the same functionality, can be integrated on-chip and used for nonlinear purposes even with very short propagation lengths. Fig. 8 . SPM broadening of the input Gaussian pulse at 1064 nm using t = 22 nm.
CONCLUSIONS AND OUTLOOK
In this paper we have presented the theoretical model of nonlinear behavior for plasmonic waveguides. The effective third-order susceptibility (3) χ of the LRSPP mode is the crucial parameter for explanation of the nonlinear effects in plasmonic strip waveguidesnonlinear power absorption and nonlinear self-phase modulation of the LRSPP mode. The third-order susceptibility (3) Au χ of the gold core has the dominant contribution to (3) χ of the whole plasmonic mode. It was verified for three values of gold layer thicknesses t = 22, 27 and 35 nm. The key point is that the nonlinear properties are thickness dependent and the third-order susceptibility of gold layers is inversely proportional to the thickness. Thin metal layers enhance the waveguide nonlinearity and provide effective nonlinear propagation of ultrafast optical pulses. The results confirmed the nonlinear power saturation that was observed in [4] for the average values of the input power 0 P in the range above 0.15-0.2 W, and for the high repetition rate rep f = 78 MHz picosecond laser pumping at 1064 nm. In the same range an SPM effect was observed, leading to the LRSPP spectral broadening and splitting, again in accordance with our recent experimental results. The deep analogy with classical fiber-based nonlinear optics shows that plasmonic waveguides are potential candidates for nonlinear optics applications on a microscopic length scale.
One of the possible developments in this direction is the nonlinear analysis of higher order plasmonic modes. The current model is for the fundamental LRSPP mode, but other spatial modes can also be excited. These higher order modes will affect the dynamics by nonlinear cross-phase modulation [3] . Another development concerns the propagation of even shorter (femtosecond) pulses in the plasmonic waveguides. The chromatic dispersion effect may have a more dominant role than in the present case. The investigation of nonlinear propagation of femtosecond pulses in the plasmonic waveguides will be done elsewhere. The interaction of the nonlinear and GVD effects leads to many interesting optical phenomena in plasmonic nanostructures with their possible practical realization, for example, in optical communication systems. Our results indicate that the waveguide investigated here could have anomalous GVD at telecom Cband wavelengths, which means that solitons can be excited using femtosecond Er-fiber lasers. This has interesting nonlinear applications that promise well for plasmonic systems.
